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MATH2060B Midterm I Solution

Since f is differentiable at c, ilin w = f'(c) exists.
tim(f(2) — () = tim 22T pno ey = () 0= 0

Hence f is continuous at c.

Alternative solution:

Since f is differentiable at ¢, 36y > 0 s.t. for 0 < |z — ¢| < dy, |% — f'(e)] < 1.
= [f(z) = fOl = [f()llz — e <|f(z) = flc) = f(e)(z — )| < |z —cl.

= [£(z) = Fe)] < fo — (1 ()| +1).

Given € > 0, let 6 = min{J, m}

Then for 0 < |z — | <0, |f(x) — f(c)] < (] f(c)|+1) <e.

fe)(y—x).
(y — ).

Suppose x < y. By mean value theorem, 3¢ € (x,y) s.t. f(y) — f(z)
Since f’ is strictly decreasing, f'(c) < f’( ) hence f(y) — f(x) < f'(z
f

~—

Suppose x > y. By mean value theorem, 3¢ € (y,z) s.t. f(y) — f(x) = f'(c)(y — z).
Since f'(c¢) > f'(z) and y — x < 0, we have f(y) — f(z) < f'(z)(y — z).
Alternative solution:
Since f’ is strictly decreasing, f is strictly concave.
Suppose r < y. Let w € (z,y).
For any + < o, T = F@) _ [w) = fa) _ Jle) = ()
—x w—x T —z
Taking limit z — 2~ Jy) = fz) < J(w) = /(@) < f(z) = f(x)
y—x w—x
Hence f(y) — f(z) < f'(x)(y — 2).
The case x > y is similar.
The case x = 0 is obvious. Consider z > 0. Let f(z) = In(1+ x).
By Taylor’s theorem, Jc € (0, x) s.t.
(3)
@) = 10+ P00 + L2 L0
= In(1+ x) + = i Lo
n x)—x :
2 (1 +¢)? 3
1
Since 0 < SEE < 1 for ¢ > 0, the inequality follows.
2 3 2
_z? In(1 _ ad _ 2?
By 2(a), —2 <MD =T 575 oo,
Tsing TSInT . rsing -
_z? 1 zZ _z _
Since lim —2— = —= = lim -2 , by squeeze theorem lim w =
2—0t TSINT 2 20t zSInT =0t xSinT

Alternative solution:
Apply 'Hopital’s rule twice.
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[ is differentiable at ¢ hence continuous at ¢, so im(f(x) — f(¢) — f'(¢)(x — ¢)) = 0.
r—cC
Also, lim(z — ¢)> = 0 and f(z) — f(c) — f'(c)(z — ¢), (v — c)? are differentiable on I.
Tr—cC

By 'Hopital’s rule, lim f(@) = f<(2 :Cf)/z(C) (@—c) _ lim f/(;()g;__];(C) _ %f//(c)‘

The last equality follows from the condition that f’ is differentiable at c.

F@) [ - -
Define ¢(z) = X (z —c)? z € I\{c}
Ef”(c) ifx=c
It can be easily checked that f(z) = f(c) + f'(¢)(z — ¢) + ¢(z)(x — ¢)?,Va € I.
By 3(a), 3101_>ni o(z) = ¢(c) hence ¢ is continuous at c.

For each n € Z, mean value theorem implies that 3z, € (n,n + 1) such that

n+1)— f(n
P = TEEDZIO) ) < g 01+ 1)) < 2
Claim: |f'(z)| < 3,Vz € R.
Let x € R. If x = z,, for some n € Z, done.
Otherwise, x € [n,n + 1] for some n € Z and mean value theorem implies that
/ o
Je between x and x,, such that f”(c) = W
= [f'(@)] = [f"(zn) + f ()@ — zn)| < [f(@n)| + [['(O|lz —an] <2+ 1-1=3.

Alternative solution:
Claim: |f'(z)| < 3,Vz € R.
Fix x € R. By Taylor’s theorem, 3¢ € (x,z + 1) such that

fle+1)=flx)+ f(x)(z+1—2)+ f"2(c) (x4 1—x)2
S 1F@] < F+ D+ @+ @ < 14141 1=1




